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SYSTEMS OF LINEAR INEQUALITIES. 

By Walter B. Carver. 

In a paper under this same title,* Professor L. L. Dines found a neces- 
sary and sufficient condition for the existence of solutions of a system of 
linear inequalities, for both the homogeneous and non-homogeneous cases. 
His condition was expressed in terms of the " /-rank " of the matrix. 
It is the purpose of the present paper to give, in a quite different form, 
a necessary and sufficient condition for the non-existence of solutions; and 
to consider the questions of the independence of a system and the equiv- 
alence of two systems. 

Let S represent the system of to linear inequalities in n variables, 

n 

J^atjXj -f- /3i > 0, i = 1,2, ■ ■ ■ m, 

in which the /3's may or may not all be zero. For brevity we may write 

n n 

Li{x) for '^aijXj + ^i and Li{x) for ^ocijXj. 

The matrix of the coefficients, 1| an \\ (not including the ^'s), will be 
denoted by M. 

A sj'stem of inequalities will be said to be consistent or inconsistent 
according as solutions of the system do or do not exist. A single inequality 
will be inconsistent only when 

«ii = a,2 = • • • = ain = 0, and (3j < 0. 

Theoeem 1. If for a system S the rank of the matrix M is m, the system 
is consistent. 

We may suppose that the non-vanishing determinant of order to 
in the matrix M is made up of the first to columns of the matrix; and 
consider the set of equations, 

m 

'^aijXj = Ci, i = 1, 2, ■ • • m. 

7=1 

Since the determinant of the coefficients does not vanish, solutions of 
this set of equations exist for any values of the c's. Fix c's satisfying the 
relations c, > — fi,, and let Oi, 02, • • • Om be the solution of the resulting 
set of equations. Then evidently Oi, 02, • • • am, 0, • • • is a solution of 
the system S of inequalities. 

* These Annals, vol. 20, p. 191. 
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SYSTEMS OF LINEAR INEQUALITIES. 213 

A system S oi m inequalities will be said to be irreducibly inconsistent 
when the system S is inconsistent, but each sub-system of to — 1 in- 
equalities in S is consistent; i.e., when the omission of any one inequality 
from the inconsistent system leaves a consistent system. A single in- 
equality will be irreducibly inconsistent if it is inconsistent. 

Theorem 2. // the system S is irreducibly inconsistent, there exists a 
set of constants ki, k-,, • • • km+x, homogeneously unique, such that 

m 
J^kiLi{x) + krn+l = 0, 

ki, ki, ■ • • km being positive and km+i positive or zero; and the rank of the 
matrix M must be m — 1.* 

By hypothesis there exists a set of numbers Oi, a-t, • ■ • a„ or, briefly, 
a pointf a, which satisfies all the inequalities except the first one. This 
may be conveniently expressed by saying that there exists a point a 
which gives the row of m symbols 

-h + + • • • +; 

the double symbol " " indicating that Li(a) is either negative or zero, 
and the following plus signs indicating that each of the expressions L,(a), 
for i 7^ 1, is positive. Similarly, there exists a point giving each of the 
rows 

+ -h + • • • +, 

+ + + • • • -h, 



+ + + + ••• 0. 

If hi and hi are any two positive numbers whose sum is unity, we may 
speak of the point hia -\- h-ib (i.e., the set of numbers hia\ -t- h-ibi, h^at 
-\- hibi, • • • hian + hibn) as a point between a and b. Since the expressions 
L,(x) are linear, Li(hia + hib) — hiLi(a) + hiLi{b). Suppose now that 
a point b should exist which, when substituted in the L's, makes at least 
one of them positive and all of them either positive or zero; giving, for 
instance, 

+ Q + ■ ■ ■ +. 

Since there is a point a which gives 

-}- -I- -h • • • +, 

* The method of proof of this theorem was suggested to the author by Professor Hurwitz. 

t Whether the system S is or is not homogeneous, the set of numbers indicated by the phrase 
"the point a" will not be a homogeneous set; i.e., the point a does not mean the set of numbers 
coi, caz, • ■ ■ ca„. 
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it is evident that there would be a point between a and h which would 
make the L's all positive. But this is contrary to the hypothesis that 
the system S is inconsistent. Hence every point which, when substituted 
in the L's, makes at least one of them positive, will also make at least 
one of them negative. It follows that where we used the double symbol 
"0" above, the zero can not occur; and that there are therefore points 
giving each of the rows 

- + + + •••+, 



+ - + + 
+ + - + 



+ 
+ 



+ + + + 
Again, if the points a and h give respectively 

- + + + ••• + 
and 

+ - + + •••+, 
then some point between a and h will make Li{x) vanish, and will give 

- + + ••• +. 

This point must make L-^ix) negative, as indicated, because we have shown 
that a point which makes any of the L's positive must make at least one 
L negative. Evidently, then, there exists a point which makes any 
arbitrarily chosen L vanish, any other one negative, and all the rest 
positive. 

Between the two points which give respectively 



- + + 



and 



+ 



+ , 



+ - + • • 

there is similarly some point which gives 

- + • • • +. 

By continuing this process, it is evident that we can establish the existence 
of a point p such that 

Liiv) =0, 19^ s, t; L,(p) < 0, and L<(p) > 0, 

Ls and Lj being any two of the L's chosen arbitrarily. Also, by carrying 
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the process one step further, it may be shown that there exists a point q 
such that 

■^•(3) =0, i 9^ s; and L,(g) S 0. 

If, now, there exists a set of constants ki, k^, • • • km+i, not all zero, 
such that 

m 

J^kiLi(x) + km+i = 0, 

it is evident that the identity 

fjiiUix) s 

must also hold, and that km+\ must be equal to — JZIS™ ^St- Since the 
system S is inconsistent, the rank of the matrix M must be less than m 
(by theorem 1); and hence it follows that there is at least one set of 
constants ki, ki, • • • km, not all zero, such that 

m 

j:kiL/ix) ^ 0. 

If we first suppose that our system S is homogeneous, L/ix) = Li{x), 
and we have 

^kiLiix) = 0. 
<=i 

Substituting the point p in this identity, we have 

k,L,{p) + kthtip) = 0; 

and since L,{p) < and Lt(p) > 0, it follows that either k^ and kt are 
both zero, or neither of them is zero and they have the same sign. But 
these are any two constants of the set A;i, ifcs, • • • km', and since not all of 
them are zero, none of them are zero and they all have the same sign. 
They may evidently all be made positive, and ^i, ki, • • • km, is then 
such a set of constants as our theorem requires. 

Suppose, on the other hand, that the system S is non-homogeneous. 
Then L,'(x) = Li{x) — jS,, and we have 

Substituting the point q in this identity, we have 

m 

hL,{q) = J^ki^i. 
1=1 

If HkSi ^ 0, then A;, ?^ and differs in sign from Y.kSi. This means 
that none of the ifc's are zero, and that all of them have the sign contrary 
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to that of J^kiPi. We may make them all positive, and with km+i = 
— Z^i/3j we have a set of constants of the kind required by the theorem. 
For the case Y,ki^i = 0, none of the A;'s are zero, by the same argument 
that was used in the homogeneous case. Hence there must be a point q 
such that Li(q) = 0, i = 1, 2, ■ • • m. It follows that the transformation 

Xj = x/ + qj, j = 1,2, ••■ n, 

sends this non-homogeneous system into the corresponding homogeneous 
system. And since such a transformation does not affect the existence 
or non-existence of solutions, the corresponding homogeneous system 
must be irreducibly inconsistent. It follows then, from our treatment 
of the homogeneous case, that the set of constants ki, ki, ■ • ■ km all have 
the same sign. Taking them all positive, and putting k„+i = 0, we have 
such a set as the theorem requires. 

We have then shown that for any system, homogeneous or non- 
homogeneous, which is irreducibly inconsistent, there exists at least one 
set of constants, ki, k^, • • • km, not all zero, such that 

m 

j:kiL/{x) s 0; 

that in any such set none of the constants is zero, and all of them may be 
taken as positive; and that when we adjoin to anj'^ such set 

TO 

we then have such a set of k's as our theorem requires. It will follow 
that this set of constants is homogeneously unique when we show that 
the rank of the matrix M must be m — 1. 

Suppose that the rank r of the matrix M were less than m — 1. Then 
for a properly chosen sub-set of r -|- 1 of the inequalities, say the first 
r -I- 1 of them, there would be a set of constants /i, /j, • • • /r+i, not all 
zero, such that 

ZfiL/ix) s 0. 

These r + 1 's, together with m — r — I zeros, would make up a set of 
k's such that 

m 

Y.hL'{x) ^ 0. 

But we have shown that one of such a set of k's, can not vanish unless they 
all vanish. Hence the rank of the matrix M can not be less than, and 
must therefore be equal to, m — 1. And it follows that the set of k's 
is homogeneously unique. This completes the proof of the theorem. 
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It is rather obvious that if solutions exist for a homogeneous system, 
they exist for any corresponding non-homogeneous system; and that the 
converse is not true.* But it follows from the proof of the last theorem 
that if a non-homogeneous system is irreducibly inconsistent, the same 
will be true of the corresponding homogeneous system. 

Another by-product of the proof of the last theorem is the following 
fact: If in the matrix M of an irreducibly inconsistent system S we pick 
out any non- vanishing determinant of order m — 1, and throw out all 
the columns of the matrix except those involved in this determinant, 
we have left a matrix of m — 1 columns and m rows, in which the m de- 
terminants of order w — 1 alternate in sign, none of them vanishing. 

Theorem 3. A necessary and sufficient condition that a given system 
S be inconsistent is that there should exist a set of m + 1 constants, ki, ki, 
• • • km+i, such that 

m 

Y,kiLi{x) -\r km+-i. = 0, 

at least one of the k's being positive, and none of them being negative. 

As to the sufficiency of the condition: suppose that a point o is a 
solution of the system, i.e., that Li(a) > 0, i = 1, 2, • • • m. Since at 
least one k is positive, and none are negative, it is obvious that the identity 

m 

J^kiLi{x) + km+i = 

could not hold for this point. Hence there can be no solutions. 

It remains to establish the necessity of the condition. If the system 
S is inconsistent, but not irreducibly inconsistent, we may drop out some 
inequality from the system which will leave an inconsistent sub-system 
of TO — 1 inequalities. If this sub-system is not irreducibly inconsistent, 
we may drop one inequality from it, leaving an inconsistent sub-system 
of TO — 2 inequalities. By continuing this process, we must finally arrive 
at an irreducibly inconsistent sub-system of p inequalities, where 1 < p 
S TO. We may think of this sub-system as consisting of the first p of the 
inequalities of our system *S; and, by theorem 2, we have a set of constants 
ki, ki, ■ • • kf, km+h such that 

t 

ki, ki, • • • kg being positive, and A;„+i positive or zero. If now we put 
A;p+i = k^+i = • • • = A;^ = 0, we have the set of constants required by 
our theorem. 

In connection with the above proof it may be noted that an inconsistent 

* Cf. Dines, loc. cit. 
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system S may have a number of different irreducibly inconsistent sub- 
systems. The rank of the matrix of any such sub-system of p inequalities 
is p — 1, and can not be greater than the rank r of the matrix M. Hence 
we must always have p ^ r + 1. For a given inconsistent system, there 
may or may not be an irreducibly inconsistent sub-system containing as 
many as r + 1 inequalities.* 

An inequality will be said to be swperfluous in a system *S, in which 
m ^ 2, when it is satisfied by every point which satisfies all the other 
inequalities of the system, f In an inconsistent system, m ^ 2, an 
inequality can be superfluous if and only if the sub-system obtained by 
omitting this inequality is inconsistent. We therefore have at once 

Theorem 4. The necessary and sufficient condition that the inequality 
Ls{x) > should be superfluous in an inconsistent system S is that there 
should exist a set of constants k^, ki, • • • km+i, such that 

m 

Yi^iLiix) + k„n+l = 0, 
1=1 

with kg = 0, at least one k positive, and none negative. 

Theorem 5. The necessary and sufficient condition that the inequality 
Ls{x) > should be superfluous in a consistent system S is that there should 
exist a set of constants ki, k^, ■ • • km+i, such that 

m 

J^kiLiix) + k,„+i = 0, 

i=l 

k, and no other k being negative, and at least one k being positive. 

The sufficiency of the condition is rather obvious. We have by 
hypothesis 

L,(x) - -pj-L,ix) + -■■ + A^L._i(x) + J^L.+i(x) 

+ ... +J^L„{x) +%i- 

A/a Kg 



* For instance, for the system 

(1) Xi > 0, (2) xi > 0, (3) - 2a;i - X2 - 5 > 0, (4) 4a;, + 2x2 + 1 > 0, 

for which r = 2, if we drop (4), we have at once an irreducibly inconsistent system with p = 3; 
but if we first drop (1), we must then drop (2) before we arrive at an irreducibly inconsistent 
system with p = 2. Again, in the system 

xi > 0, xj - 1 > 0, xs - 2 > 0, - X2 - xs + 1 > 0, 

for which r = 3, we can drop only the first inequaUty, giving p = 3. 

t For the case m = 1, we shall define an inequality to be superfluous in the system consisting 
of itself alone when and only when it is an identical inequality, i.e., when all the coefficients of the 
variables are zero and the constant term is positive. It is readily verified that the necessary and 
sufficient conditions of the next two theorems are in accord with this definition. 
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where at least one coefficient on the right is positive and none are negative. 
If in this identity we substitute a point a which satisfies all the inequalities 
of the system except possibly L/a;) > 0, we see at once that Ls{a) must 
also be positive. 

To prove the necessity of the condition, consider a system S' obtained 
by replacing the inequality Ls{x) > in (S by the contradictory inequality 
— L,{x) > 0. By hypothesis, every point which satisfies the inequaUties 
of <S other than Ls{x) > must also satisfy this inequality, and hence can 
not satisfy the inequality — Z/s(x) > 0. Hence S' is inconsistent, and 
there exists a set of constants ki, ki, ■ • • k^+i, such that 
kiLiix) + • • • + h-iL,-i{x) + k,{- L,{x)] + • • • A;„L„(a;) + k„+i = 0, 
at least one k being positive, and none negative. Moreover, we know 
that ka 9^ 0, and that at least one other k does not vanish, for otherwise 
the system S would be inconsistent. If then we replace k, by — k^, 
we have the set of constants required by the theorem. 

A system S will be said to be independent if it contains no superfluous 
inequalities. In accordance with this definition, an irreducibly incon- 
sistent system is an inconsistent system which is independent. A single 
inequality will always be independent except in the case of the identical 
inequality noted above. 

Two systems may be said to be equivalent if every point which satisfies 
either of them satisfies the other one. Any two inconsistent systems are 
equivalent, and an inconsistent system can not be equivalent to a con- 
sistent system. A single inequality is obviously equivalent to another 
single inequality when and only when they are identically the same except 
possibly for a positive constant factor. 

Theorem 6. If two systems S and X^t ^o,ch of which is independent 
and consistent, are equivalent, the number of inequalities in the two systems 
is the same, and each inequality of one system is equivalent to one and only 
one inequality of the other system; i.e., the inequalities of the two systems are 
identical except for possible positive constant factors. 

Let I/s(x) > be any inequality of the system S. Since it is not 
superfluous in S, and S is consistent, there must exist a point a such that 
Li{a) > 0, i 7^ s, and Ls{a) ^ 0; and also a point b such that Li{b) > 0, 
i = 1, 2, • ■ ■ m. Hence there must be a point c coincident with a or 
between a and b, such that Li{c) > 0, i ?^ s, and Ls{c) = 0. Since there 
is one such point, there must be an infinite number of them; for every 
point satisfying the equation Ls{x) = and lying in a sufficiently small 
region about c will satisfy the same conditions. Let G represent the set 
of all points satisfying these conditions, Li{c) > 0, i t^ s, and L^ic) = 0. 
Let H represent the set of all points satisfying the system S. The only 
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limit points of H which do not belong to H are points which satisfy the 
equations Li{x) = for one or more values of i, and the inequalities 
Li(x) > for the remaining values of i. The points of the set G are such 
limit points of H. But since, by hypothesis, H is also the set of all points 
satisfying the system X^, each point of the set G must satisfy at least one 
equation X,(a;) = corresponding to an inequality X,(a;) > of the set Yi- 
And since there are only a finite number of inequalities in the set Y,, 
at least one equation, say Xs(x) = 0, must be satisfied by an infinite number 
of points of G. Hence the equation \e{x) = must be equivalent to 
the equation Ls{x) = 0; and the inequality Xs(x) > must be equivalent 
to the inequality La(x) > 0. Moreover, an inequality of S can not be 
equivalent to more than one inequality of 1^, for in that case these in- 
equalities in 5Z would all be equivalent to each other, and all but one of 
them would be superfluous in 2Z. 

If one drops a superfluous inequality from a consistent system S, 
the remaining system of m — 1 inequalities is evidently equivalent to 
the original system. If this system of m — 1 inequalities is not inde- 
pendent, a superfluous inequality may be dropped from it. By continuing 
this process, we must finally arrive at an independent sub-system equiv- 
alent to the original system.* The order in which the superfluous in- 
equalities are dropped in this process is immaterial; for, by the last 
theorem, any two independent sub-systems obtained in this way can differ 
only by positive constant factors in the inequalities. This is in distinct 
contrast to the facts for an inconsistent system. 

Ithaca, N. Y. 

* The only exception is the trivial case in which all the inequahties of the system <S are the 
identical inequahties noted above. 



